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The Preliminary work section at the beginning of this book reminded | Im
you of the idea of representing a complex number # + b7 graphically on

an Argand diagram, either as a point (4, b) or as a vector from the origin
to the point (4, b). 20

Modulus and

1, b) argument
/2 S (a,

Re

If we write | z| for the magnitude of this vector, and if it makes an angle 6 | Im

with the positive real axis, see diagram, then: z = a+bi @b

|z| cos© +i|z|sin O

|z| (cos @ + 7 sin ©)

> Re

This is the polar form of the complex number z. a
(Some calculators may refer to this as the ‘“77ig’ form.)

Note * The magnitude of the complex number, |z|, is called the modulus of z, written mod z.
(The letter 7 is also used for the modulus of a complex number.)

o Withz=ﬂ+bi,|z|=\/ﬂz+b2.

|2| = Va® +b* is the distance the point representing # + bi is from the origin.
It is the magnitude of the vector representing # + bi.

* The angle 6, measured anticlockwise from the positive real axis, is said to be the argument
of the complex number, written arg z.
Argz is usually stated in radians but can be given in degrees.
Argz is not defined for the number (0 + 07).

¢ With 6 in radians we could also refer to (8 £ 2m), (8 = 4m), (8 £ 6m), etc. as being the
argument of a complex number that makes an angle 8 with the positive real axis. To avoid
this confusion we refer to the value -t < 0 < & (or in degrees —180° < 8 < 180°) as the
principal argument of the complex number. The interval -1 < 8 < 7 is sometimes written
as (—m, mt]. In this form, note carefully the significance of the type of bracket used.
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For the Argand diagram on the right: z) Im 21
z; has modulus 5 and principal argument % s, 3
’?,[:P %Q
In — rads T rads
2, has modulus 6 and principal argument e ’ > Re
3 units
23 has modulus 3 and principal argument — g %1

Express the complex number 3 + 47 in the form 7(cos6 + isin ), for —n < 6 < &, and with 6 given
correct to four decimal places.

From the sketch on the right we see that

modz = 3 +4°

5
v
3

and tan 0

argz = 0.9273 rads (correct to 4 decimal places)

Thus % 5(c0s0.9273 +isin0.9273)

Alternatively we could use the ability of some o N
calculators to |3+ 4i]

()}

® determine mod z and arg z, arg(3 + 4i)

* to convert cartesian coordinates to polar 0.927295218

coordinates direct. topo([jD

Thus, as before, the complex number 5
[4(0.927295218)]

N /

2=3+4i

has the polar form:

z=5(c0s0.9273 + isin0.9273)

Note ® z=ua+ibisthe rectangular or cartesian form of the complex number z.
This cartesian form is sometimes written as the ordered pair (4, b).
* In the polar form, z =7(cos0 + isin6), 7 and 0 are real and it is usual to have
r20and -t<O <.

This polar form can also be written as an ordered pair (r, 8), with squared brackets [r, 6]
sometimes used to distinguish polar form.
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Exercise 2A

1 Find|z| for each of the following, giving exact answers.

a z=4-3; b z2=12+5
¢ z=3+2 d z2=3-2
e z=1+5; f z2=5

2 Find the principal argument of each of the following complex numbers, giving exact answers

in radians.

a z=2+2 b z2=2-2
€ z=-2+2i d z2=-2-2i
e z=-2+203i fo2=3-33

3 Express the complex numbers 2, to 2,5, given below, in the form
P P 1 12,8
7(cos0 +7sin®), with » >0 and -t < 6 < 7.

Br .. 13w .
z1=3(cosT+zsmT) 2, = 3(cos 3w + isin 3m)
St .. 5¢; ..
z;=4 (cos ”y +isin Tj 24 = 2(cos (—1) + isin (-T))
AIm Im
25 29
o
2z & %
o | S :
X 2 rads
o 1 rad .
3305 Re o +units \ Re
10
S
g S units T rads /&Q 1111,1:9
%\)9 4 S i
21 3 rads 212
= b4 Zg

4 Express the complex numbers z;; to 2,4, given below, in the form
7(cos® +7sinB), with 7 >0 and -t <O < T

stating 7 exactly and 6 correct to 4 decimal places (if rounding is necessary).

Im . z2,=5+12i 21g=1+7i
219=1-7i 2y0=—7+1
25, =53 +5i 2y, =4
23 =4 z4=—4
Re 275 =—31 26 =3
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S5 Express 2,; to 23, in the form # + b7, with 2 and & stated exactly.

( T n) ( Smoo. . Sn)
27 = 2| cos— +isin— 274 =4| cos— +isin —
4 4 6 6
(n)..(n) (Zn)..(Zn)
2y9=4| cos| —— |+isin| —— 230=06] cos| —— |+isin| ——
3 3 3 3
231 = S(cos2m + isin 27) z32=(cos77n+isin77n)

The abbreviated form for cos6 + isin0

"To save us having to write cos8 + 7sin 6 we can use the abbreviation cis 6.
Complex number
conversions

cos® + 1isin0

cis 0
Thus r(cos®+isin@) = rcisO.
e.g. 5(cos2 +isin2) = Scis2.
4cisE = 4(cos£+isin£)
3 3 3

= 2+23i.

Express each of the following in the form 7cis®, with »> 0 and -n < 6 < .

a 3-3; b 3 c -4
Solution
a mod(-3i) = +3+(=3)? Im
3
= 32
2
arg(3-3i) = I 1
4 o
MR NI R
3-3 = 3\/§cis(—§) -1
-2
b 3i=3cis£ -3
2

¢ —4=4cisw
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Exercise 2B

1 Express z; to zg shown below in the form 7cis®, with » >0 and -t <0 < 7.

Im Im
2 60° £z 4o
27
2z 30°
Zs
T T T T T Re T T T Re
12345 12345
3 -30° 5
450
}{Z -60°
)
Express each of the following in the form 7cis0, with »> 0 and -n < 6 < .
2 2(cos£+isin£) 3 7(Coss—n+isin5—n)
10 10 8 8
4 9(cos30° +isin30°) 5 3(cos330° +4sin330°)
6 5(cos3—n+isin3—n) 7 4(cos8—n+isin8—nj
2 2 3 3
Smy .. Sn .
8 2| cos -5 +7sin -5 9 2(cos(=3m) + isin (-3m))
Simplify:
. T . n . .
10 7c1s§ 11 5015(—5) 12 cisw 13 3cis2n
Express each of the following in the form & + b4, with exact values for # and b.
14 IOCisg 15 ‘lci:sz%E 16 4cis(—2?n) 17 12cis(—47nj

Express each of the following in the form 7 cis8, for -t < 0 < w. Give 7 (= 0) as an exact value and,
if rounding is necessary, give 0 correct to 4 decimal places.

18 -7+24i 19 -5+12i 20 1+2i 21 5;

22 Ifz=a+bi we define z, the complex conjugate of z, as =« — bi. Im

a Make a copy of the Argand diagram shown on the right and
include z and .

b If z = rcisa,-n<o<m,
and  w = nrcsP,-n<PB<m,
express z and @ in ‘cis form’.
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Find the complex conjugates of the following, giving your answers in polar form, 7 cis6°, with 7> 0
and —180 < 6 < 180.

23 2cis30° 24 7cis120°
25 4cis390° 26 10cis(-200°)

Find the complex conjugates of the following, giving answers in polar form, 7 cis8, with > 0 and

—T<O<T.

27 2cist 28 5cis(—3—n)
2 4

29 5cis0.5 30 50is77n

Multiplying and dividing complex numbers
expressed in polar form

Suppose that  z = 7 cisa and w = rcisP
= 7i(cosa +7sinoy) 75(cos P + isin B)

Polar complex
number operations

Then zw = (ryciso)(r,cisP)
= 7ry(coso+ isina)(cosP + isin B)
= 7r;[(cosacosP — sinoasin B) + #(sinoicos B + cosousin B)]
= rrylcos(o+ B) + isin (o + B)]
= rrycis(o+ B)

Or, using the ‘square bracket’ notation: [ry, al[ry, Bl = [ry73, 00 + Bl

Thus: When we multiply two complex numbers we multiply the moduli and add the arguments
(adding or subtracting multiples of 27 to ensure — < arg < ).

The reader is left to confirm that if z = rciso and w = rcisP
z no.
then = = Ldis(ou-B).
n
Le: When we divide two complex numbers we divide the moduli and subtract the arguments

(adding or subtracting multiples of 27 to ensure -1 < arg < ).

(Question: Is the order of subtraction of the angles important?)
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EXAMPLE 3

If z=5cis %t andw=2 cisg express each of the following in the form 7cis® with 7 > 0 and

-n<O<Tm
a zw b £
w
Solution
a zw = 5ci33—n-20is£
4 3
= 100is(3—n+£)
4 3
= IOcisB—Tc
12
= lOcis(—&)
12
C 2m = ZCisO-Scis3—1t
4
= IOCiSS—TE
4

o
| v
I

(5cis3—nj o (Zcisz)
4 3

5. (31: nj
—cis| ———
2 4 3

= 2.5cis 5_7t
12

lcisE -5c:i53—1t

4
= 50is(—3—nj
4

Geometrical interpretation

If z =

7 cisa

then wz 77y cis (o + B).

and w =

7, cisP

Thus the effect of multiplying z by w is to rotate z anticlockwise about the origin by an angle 8, and

increase the length of z by a factor |w|.

For example suppose that  z = 3cis80° and w=2cis50°.
It follows that zw = (3cis80°)(2cis50°)
= 6cis130°,

i.e. a 50° anticlockwise rotation of z about the origin with a doubling of length, as shown below.

6 units
Alm A Im A Im
3 units
zw
2 2 units
g 130°
80 50° \
Re Re

Re

Multiplication
in the plane

Division
in the plane

ISBN 9780170395274

2. Polar form of a complex number ®®



Exercise 2C

Determine zw for each of the following, giving your answer in the same form as z and w are given.

1 2=2+3, w=5-2i 2 =342 w=—1+2i.

3 z=3cis60°, w=>5cis20°. 4 z=3cis120°, w=3cis150°.
. . . T LT

5 z=3cis30°, w=3cis(-80°). 6 z=5cis—, w=2c1SZ.

7 z :4cis(zj,
4

8 2=2(cos50°+isin50°),

9 z=2(cos170° + isin 170°),

szcis(—3—nj.
4

w = cos60° + 7sin 60°.

w =3(cos150° + 7sin 150°).

.z . . . .
Determine — for each of the following, giving your answer in the same form as z and w are given.

w
10 z=6-3;
12 z=8cis60°,

14 = =3cis(-150°),

16 z=4ciS(Ej,
4

w=3 -4 11 z=-6+3;, w=-3+4.
w =2 cis40°. 13 2=5cis120°, w=cis150°.
w = 3 cis 80°. 15 z:Zcis%t, w=20isz?n.

w=2cis(—3—n).
4

17 z=5 cos3—n+z'sin(3—nj , w=2(cos£+isin£).
4 4 2 2

18 z=2(cos50°+isin50°),

w = 5(cos 50° + isin 50°).

Use the following diagrams to determine the complex number w in the form 7cis6 for

720 and with —180° < 8 < 180°.

19

Im
zw
~N
U
S
&
z
40°
30°
Re
|z]=1
Units 3 & 4

20 :z»

\@)’L\

7

50°

Im

Re
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A Im
21
z
B
30° Re
60°
=
o
N
S}
Zw
23 z Im
15% 110°
R q\\\
Re
|zw| = 1
$zw
25 z
b4 Im w
1
& \’“/\
S5 )
30° 30°
> Re
27 - Im
L
/s
30°
Re
70°
‘ﬁ‘ -1
w
z
w

28 Ifz=6cis40° and w = 2 cis 30° determine

a 2z

e iz

b 3w

f w

29 Ifz=8cis 2; and w =4cis % determine

a zw

ISBN 9780170395274

b wz

22 2z AIm
%
x) 110
Re
50°
N
Y?
Zw
24 zZ Alm
%
110°
-
\\\ > Re
30°
/e,
>
Zw
26 - Im .
/\—? w
/\\2
30°
[ Re
=1
C W wz
w 1
g —_ J—
P4 Z
w zZ
c —_— E—
zZ w
1 )
g J— J—
P4 w
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Complex plane graphs

We know that we can represent the complex number z = # + 7/ as a point (4, b) on an Argand diagram.
If we are then given some condition or rule that z must obey, the set of all such 2’s obeying the rule will
form a set of points on our Argand diagram. For example, any complex number, 2, obeying the rule

|2 = %

will be a distance of k from the origin. The set of all complex numbers, z, obeying this rule, written
{z: |z| = k} and read as ‘the set of all = such that mod = equals k’ would together form a circle, centre at
the origin and radius 4.

We say that the locus of |z| = & is a circle centre the origin and radius k.

Examples:

{z:|z|=4} {z: |z|£4} {z:‘z‘<4}

Now consider {z: |z —w| = k}. The Preliminary work section at the beginning of this book reminded us
that |x — 4| is the distance the number x is from the number 4. Similarly, for complex numbers z and w,
|z — w]| is the distance between z and w in the complex plane (see the diagrams below).

Vector justification Coordinate justification

AIm

Length = |z —w| Im w=p+ig z—w=(ﬂ—p)+(b—q)z'

lz—w| = J@a— p)’ + @ - g)°

= distance between z and w.

— Re

Thus the complex numbers, z, for which |z — w| = &, would together form a circle, centre at w and
radius k. We say that the locus of |z — w| =  is a circle centre w and radius k.

For example, the Argand diagram on the right shows the locus of all points Im

in the complex plane for which
|2— (1+2i)] <3.

ie. it shows the set {z: |z —(1+2i)| <3}

Units 3 & 4 ISBN 9780170395274



Represent {z: |z —2—i| =3} on an Argand diagram.

If z = x + 7y determine the cartesian equation for the set of points in

{z: |z —w| = k} is a circle centre w and radius . Im
5 .
Thus {z: |z —(2+7)| = 3} is a circle centre (2 + 7) and radius 3. 1
This is shown in the diagram on the right. (
NOW |Z_2_Z| = LI ] T T T T /7T RC
. . . . 2 N 5
Thusif 2z = x+iy lx+iy-2-i] =

|(x=2)+i(y-1)|
@-2+@-1y =

Il
O W W W

Note: As we were reminded in the Preliminary work section at the beginning of this book, cartesian
equations of the form

@=p)’+ (-9’ =a

are those of circles, centre (p, ¢) and radius 2. Hence our answer for part b, above, confirms our
answer for part

Represent {z: |z — 2i| =|z — 4|} on an Argand diagram.

If z = x + 7y determine the cartesian equation for the set of points in

|z — w| is the distance from z to w.
Thus  |z—2i| is the distance from z to 0 + 2,

and |z - 4| is the distance from z to 4 + 0:.

Thus {2: |z — 2i| =|z — 4|} is the set of all points equidistant from 2i
and 4. It is the perpendicular bisector of the line joining 27 and 4.

This is shown in the diagram on the right. /
Now l2=2] = |z-4| Ly
Thusif 2z = wx+iy le+iy=2i| = |x+iy—4]

d+@y-27 = @-9 +y
Which simplifies to y = 2x-3
The required cartesian equation is y = 2x-3

ISBN 9780170395274 2. Polar form of a complex number



Represent {z: argz = g} on an Argand diagram.

T T . .. 9
Ifargz= 5 then z makes an angle of 5 with the positive x-axis, | Im

. . T . .
measured anticlockwise. Thus {z: argz = g} is the set of points

[oNE)

Re

forming the ‘half line’ shown in the diagram on the right.

Note that the point 0 + 07 is not included because arg(0 + 07)
is undefined.

Show that the set of all points z in the complex plane that are such that
|z—(8+17)| =2|z—(2+44)|

together form a circle in the complex plane and find the centre and radius of the circle.

Given: |lz—(8+7)| = 2|z-(2+4i)|
Thusif 2z = x+iy |x+iy—(8+i)| = 2|x+z'y—(2+4z')|
@-8'+(-17 = 2[x-2+(-4]
K —16x+64+y =2y+1 = 2[f*—4x+4+)" -8y +16]

Which simplifies to 0 = 37 +3y"-30y+15
ie. 0 = #2+y —10y+5
Create gaps: o +yt =10y + = =5

Complete the square 4y =10y +25 = —5+25

Hence ZL+@y-5 = 20

A circle, centre (0, 5) and radius 2+/5. phd

Note that points in the complex plane such that

2= (8+1)| = 2|z — (2+ 4)|
are the points for which the distance to the point (8 + 7)
is twice that of the distance to the point (2 + 47).

We would expect two such points to be 4 + 37 and
—4 + 7i (see diagram). The reader should confirm
that, for z =x + 7y, such points do indeed satisty the
equation &” + (y — 5)* = 20. 3
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Exercise 2D

For each of the following sets, choose the appropriate diagram from those labelled A to P below.

1 {2 Im(2) =3}

3 [z:argz=-45%

5 {z]z|<3}

7 (z:|z+8|=|z-4i])

2 {z: Re(z) =3}
4 {zargz=135°

6 {z:|z-3+3i|=3)

8 {z]z+2+3i|=|z-4+i|}

@ A Im Im @ Im @ Im
- - \ ;-
1 Re Re ] Re Re
— — —— — —_—t— e —
S 1 s 5o S5 \ 5o
wE I wE ]
@ A Im @ Im
5 5
] Re Re i lie
L B T T T T T
-5 ] 5 5 ) ]
-5 -5
Re

ISBN 9780170395274
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Represent each of the following sets of points diagrammatically as lines or regions in the complex plane
and, with z = x + jy, determine the cartesian equation of each.

9

11

13
15
17

19

21

23

25

26

27

28

{z: Re(z) =5} 10 {z: Im(z) = -4}

{z: argzzg} 12 {z: argzz—g}

{z: Re(z)+ Im(z) = 6} 14 {z: |z| =6}

{z: |z — 44| <3} 16 {z:|z-(2+3i)|=4}

{z: |2—2+3i| =4} 18 {z:|z-2|=|z-6|}

{z: |2 - 6i| =|z - 2|} 20 {z:|z-Q2+0)|=|z-@-5)|}
{z:3<]z2| <5} 22 {z: gSargzsg}

{z: Im(z) = 2Re(z) + 1} 24 {z: Im(z) <2 - Re(2)}

For {z: |z +3-3i| = 2} determine:

a the minimum possible value of Im(z),
b the maximum possible value of |Re(z)|,
¢ the minimum possible value of |z|,

d  the maximum possible value of |z],

e

the maximum possible value of |Z|.

For {z: |z— (4 +3i)| = 2} determine:

a the minimum possible value of Im(z),
b the maximum possible value of Re(z),
¢ the maximum possible value of |z],

d  the minimum possible value of |z|,

e

the minimum possible value of arg(z), giving your answer in radians correct to
two decimal places,
f  the maximum possible value of arg(z), giving your answer in radians correct to

two decimal places.

Show that the set of all points z in the complex plane that are such that

|z = (2+30)] = 2|2 — (5 - 3))]
together form a circle in the complex plane and find the centre and radius of the circle.
Show that the set of all points z in the complex plane that are such that

|z = (10 + 5i)| = 3|z — (2= 3i)|

together form a circle in the complex plane and find the centre and radius of the circle.

Units 3 & 4 ISBN 9780170395274



Suppose we are asked to solve the equation © o= 1,

i.e. PS-1 = 0
We could use a calculator to obtain the three solutions: e N
- 1 solve(x® =1,x)
T 1 \/5 i \/5 i
1 \/g X=1,X=——— S X=——+
X o= —o——i 2 2 2 2
2 2
1 3
and ¥ = ——t+—
2 2 \. J

Alternatively these three solutions can be obtained algebraically by first using the fact that

P-l=@=-DE+x+1) (The reader should check the truth of
this statement by expanding the right
hand side.)

Then, if ¥©-1 =0
(x=D@E*+x+1) = 0
Thus either x—-1 = 0 or Lrr+l = 0
1+ .17 =
giving x =1 or x = 1yl 40O
2(1)
22
Thus the three cube roots of 1 are: 1,
3
——+—
2
1 3.
and -————i
2 2
These three cube roots of 1 are shown as 2, 2, and 2; in the . Im
Argand diagram on the right. ? ‘,
‘3.
In ‘cis’ form z;=1cis0 9
n 60° 1 unit e Re
z;=1cis— 60° 2z
3
3,
&
zy=lcis [— z—nj >
3 P
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Notice that the three roots are each of unit length and divide the . Im
. . . . . . 2
unit circle into three equal size regions. (The reasonableness of this “
should become apparent when you remember the rotational effect %
of complex number multiplication.) .
60° lunit Re
This division into equal size regions can be used to determine other 60° 2y
roots of 1, as the following example shows. o
N
z3
EXAMPLE 8
Find the fifth roots of 1, giving exact answers in the form 7cis® with >0 and -t <6 < 7.
Solution
We must solve 2 =1.
One solution is %=1l and this and the 4 others will divide the unit circle into

five equal-sized regions (see diagram).

Thus the rootsare  z; = 1cis0
. 2w Im} o2
z;, = les—
5 2
. 4m n
z; = lc1s? 5 S
- ld 4n 5
24 = C1s —? 24
%5

Nth roots of a non-zero complex number

If we know one of the roots of a complex number we can locate all the other roots using this idea of
dividing the complex plane into equal size regions. This is demonstrated in the next two examples.

e pe——

Again your calculator may be able to determine the roots of complex numbers directly using its equation
solving capabilities or other programmed routines. Whilst you are encouraged to explore the capability of
your calculator in this regard make sure you understand the methods set out in the following examples and

can use them when required.

MATHEMATICS SPECIALIST Units 3 & 4
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Use your calculator to confirm that (1 + i)® is —8i.

By displaying the sixth roots of -8 on an Argand diagram determine all six roots, expressing each
in the form 7cis8° with 7> 0 and —180 < 6 < 180.

Solution

The display shown on the right confirms that
(1 +4)°is —8i. (1+i)°
Placing (1 +7) on an Argand diagram and dividing

the complex plane into six equal size regions
allows the six roots to be determined:

z;, = ~2cis45°
z, = 2cis105°
23 = 2cis165° 2

7, = 2cis(-135°%)
zs = ~J2cis(-75°)
Zg = \/zcis(—15°)

Use your calculator to confirm that (3 + i) is 28 + 96i. Show (3 + 7) and the three other fourth
roots of 28 + 967 on an Argand diagram and express each in the form « + bi.

Solution

The display shown on the right confirms that (3 + )"

is 28 + 96i. (3+i)*
28+96-i
Placing (3 +7) on an Argand diagram and dividing

the complex plane into four equal size regions
allows the four roots to be determined:

Z2 = 3+ Im
Z) -
5 = —1+3i

Z3 = _3_1 . ZI=3+i

Z4 = 1 _31 T T T T T T Re

23

24
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Exercise 2E

Find the six solutions to the equation 2° = 1 giving exact answers and all in the form 7cis 8 with
r=20and <0<

Find the eight solutions to the equation 2® = 1 giving exact answers and all in the form 7cis 6°
with 720 and —180 < 6 < 180.

Find the seven solutions to the equation z’ = 1 giving exact answers and all in the form 7cis 8
with720and -n< 6 <.

Use your calculator to confirm that (/3 +7)° is —64. By displaying the sixth roots of =64 on an
Argand diagram determine all six roots, expressing each root in the form rcis6 with > 0 and
—-T<O<T.

Given that one solution to the equation 2’ = —4 + 47 is z = 1 — 4, display all five solutions on an
Argand diagram and express each in the form 7cis8° with » > 0 and —180 < 6 < 180.

Use your calculator to confirm that (2 + 37)*is =119 — 120i. Show (2 + 37) and the three other
fourth roots of =119 — 1207 on an Argand diagram and express each in the form « + bi.
Without the assistance of a calculator, express a Q2+i)

and b @+t in the form « + bi.
¢ Display on an Argand diagram the four values of z for which
2t =7 +24i

d  Hence give the solutions to the above equation in the form # + bi.

z; shown in the diagram on the right is one solution to the Im
equation 2’ = &, for complex .
Find # and the other four solutions to the equation, giving 3 S 2z
all answers in the form 7cis8° for 7 > 0 and —180 < 8 < 180. 20° Re
z; shown in the diagram on the right is one solution to the Im ) iui
. E zZ = 1
equation z* = &, for complex . ] '
Find 2,, z; and z,, the other three solutions to the equation, 24
giving all answers in the form # + bi. ] R
T T T T L B €
4 2 1 2 4
-24
—4
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From
it follows that

and hence

Continuing this idea:

ie.

(7 cis0)(r; cis o)
cisOciso

(cis6)’

(cis®)’

(cis®)*

(cis0)"

(cos 6 + 7sin 0)”

775 cis (0 + o)

Using de Moivre's
cis(0 + o) e
cis(6 + 0) = cis(20).

cis(0+6+6) = cis(39)

cis@+0+6+0) = cis(40).

cis@+0+0+...) = cis(n0).

cos720 + 7sinnO

This result is called de Moivre’s theorem and, whilst we have obtained it by considering positive
integer values of 7, it can be applied for all rational values of 7.

Thus, with

it follows that

ie.

an alternative statement of de Moivre’s theorem.

p4

zﬂ

(|| cis©)"

|z|cisO

|z|n cis (70)

|z|" cis (10)

In your study of Mathematics Specialist Unit Two you encountered the method of proof by induction.

(If you have forgotten the technique, do a bit of revision to refresh your understanding of it.)

Use the method of proof by induction to prove that

(cos® + 7sin 0)” = cos#O + 7sin #0,

i.e. de Moivre’s theorem, is true for positive integer values of 7.

The next three examples show how de Moivre’s theorem can be used:

* to obtain expressions for cos70 and sin76 in terms of cos® and sin 6 (example 11)

* to find powers of a complex number (example 12)

* to find the nth roots of a complex number (example 13).
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Use de Moivre’s theorem to express cos46 and sin46 in terms of cos0 and sin 6.

Solution
By de Moivre’s theorem

cos40 +isin40 = (cos6 +isin®)* 1]
The right hand side of this statement expands to give:
(cos0)* + 4(cos0)’ (i sin 6) + 6(cos 0)*(isin 0)° + 4(cos 0)(isinB)® + (isin O)*
= cos'0— 6cos’Bsin’6 + sin* O + i(4 cos’ Osin O — 4 cos O sin’ 6)
Equating real parts of equation [1] gives:
cos40 = cos'0—6cos’Osin’6 +sin*O
and equating imaginary parts of equation [1] gives:

sin4d = 4cos’0sin® —4cosOsin’ O

Use de Moivre’s theorem to determine (2 + 24/37)*, giving your answer in exact polar form.

Solution
First change 2 + 24/37 to ‘cis form’.

2428B3i = 4cis§
4
Thus Q2+233)t = (4cis§)
4 . 47 . D
= 4%cis = (from de Moivre’s theorem)

256cis(—2—nj
3

The next example uses the fact that whilst we normally write the polar form of a complex number, z, as
rcis®, with r> 0 and — < 6 < &, we could write z as z = rcis (8 + 2km), for r > 0 and k an integer.
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Use de Moivre’s theorem to determine the three cube roots of (4+/3 + 44), giving your answer in
exact polar form.

Im
|z| =
43+4i = 8cis (g + an) for integer 4. z‘ 0=
14
0 \
. ; R
Thus we require z such that | = €
2 = BCis(E + 2kn)
6
1
(T 3
& = |:8015(— + 2kn):|
6
3 . [ 2km .,
= 3f8cis 5 + = (by de Moivre’s theorem)
: ( T an)
= 2cis| —+—

18 3

If k=0 we have: 2cis (%) (Sometimes referred to as the principal root.)
k=1 gives: 2cis (13_15)
18
k=2 gives: 2cis[@) i.e.Zcis(—&j.
18 18
. (T . (13w . 11n

Thus the three cube roots of 4+/3 + 4i are 2 cis 5 2cis 7Y and 2 cis| — STV

Wondering what happens if we continue the above process by letting k = 3, 4, etc.? Are there more
than three cube roots? If you are not sure what will happen try it and see.

. . . T
The complex number z is such that z =7cis®, with7>0and 0 <0 < 5
Express Z =% 2
Im 4
in the form #cisp where 2> 0 and -t < < . 2
>
| 7sin®
. g : Re
If z = 7rcisb . ' rsin®
= 7cos0 +rsinB 7 I
then Z = 7rcos®—irsind s
. . 7cos 6
= rcis(-0). (See diagram.) EE—
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If z = rcisO Im
= 7c0s0+irsin®

then —=z = -—rcos0—irsin® 7sin®
= rcis(-n+0) (See diagram.) ‘ rcosee J i > Re
a | 7 COS
= rcis(0—m) rsing |
|
|

Or, using the fact that —1 can be written as 1 cis7:
-2

-z = —-1Xz
(1 cisT) X (rcis0)
rcis (T + 0)

But (m + 6) will be outside the —& to T requirement, so subtract 27 to give

-z = rcis(n+0-2n)
= rcis(0 —m), as before.
If z = rcis6
22 = (rcis®)’
= 2cis(20) (by de Moivre’s theorem).

Exercise 2F

Prove that de Moivre’s theorem, (cos0 + isin0)” = cosn0 + isin#0, is true for n = —1.

T .. T . .
If 2 = cos 5 +isin 5 determine z” in exact polar form.

5

. T . .
Ifz=2cis n determine z” in exact polar form.

nT .. T . .
Ifz= 3(005 3 +isin g] determine z° in exact polar form.

Use de Moivre’s theorem to express cos 26 and sin26 in terms of sin 6 and cos8.

Use de Moivre’s theorem to express cos 30 and sin 360 in terms of sin 6 and cos 8.

Hence determine cos 30 in terms of cos 0.

Use de Moivre’s theorem to express cos 50 and sin 56 in terms of sin® and cos 6.

Units 3 & 4
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10

12

13

14

15

16

Use de Moivre’s theorem to determine (1 + 7)°, giving your answer in exact polar form.
gving'y' p
Use de Moivre’s theorem to determine (+/3 +)°, giving your answer in exact polar form.
Use de Moivre’s theorem to determine (=3 + 3+/37)*, giving your answer in exact polar form.
gving'y p

Use de Moivre’s theorem to determine the three cube roots of (4 —4+/37), giving your answers
in exact polar form.

Use de Moivre’s theorem to solve the equation z* = 164, giving your answers in exact polar form.

Use de Moivre’s theorem to solve the equation z* = 82 + 8v/2i, giving your answers in exact
polar form.

Use de Moivre’s theorem to solve the equation z* + 4 = 0, giving your answers in exact polar form.

V2 +i6 X
2 ’ 2

Express z; and z, in exact polar form, where 2z, =

nd z,

Z34

Hence simplify given that z; = 2 cis g

The complex number z is such that z =7cis®, with7>0and 0 <0 < g

Express each of the following in the form #cisff where 2 >0 and -t < <.

a -z
b L
zZ

1

c R
zZ

1

d -~

ZZ

Abraham de Moivre (1667-1754)
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This miscellaneous exercise may include questions involving the work of this chapter, the
work of any previous chapters, and the ideas mentioned in the Preliminary work section at
the beginning of the book.

1 If the complex numbers z and w are such that z = 3-4
and  w 243
express each of the following in the form a + bi.

a z+w b z-w c zw
d 2 e = f =
w %
2 The diagram on the right shows the A D B E
parallelogram OABC with OA = a a

H
and oC = ec
D is a point on AB such that AD:DB =1:3.

0 Y@

E is a point on AB produced such that AB:BE =2:1.
Express each of the following in terms of a and/or c.

— — — —
a AB b AD ¢ DB d DE

—> —> —> —
e OB f OD g CE h OE

3 Express exactly a -3-3Y3  inpolar form,

b Scis (— %) in cartesian form.

4 Express each of the following in the form (s, b) where (4, b) represents the complex number # + 4.
a Zcis(z) b Scisn C 4cis(—3—n)
2 4

5 Ifz=1+iand w=-1+iexpress z, w, zw and 2 in polar form.
w

6 With cis6 defined as cos6 + isin®, where i = V=1, prove that:
a cis0=1 b cisocisp=cis(o + B)

7 (Without the assistance of your calculator.)
a Forf(x)= 4o’ — 18a% + 222 — 12, determine f(-3) and f(3).

b Determine all values for x, real and complex, for which f(x) = 0.
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